The scattering coefficient is one of the most fundamental parameters by which to quantify the scattering intensity for waves as a function of scattering angle and wave frequency. This study presents a derivation of the scattering coefficient for linear long-wave tsunami equations in randomly fluctuating sea-bottom topography using the first-order Born approximation. The scattering coefficient is directly related to the power spectrum density function of fluctuations in the bottom topography and shows a strong tsunami-wavelength dependence. The scattering regime is determined by the normalized wavenumber ak, where k is the tsunami wavenumber and a is the correlation distance of the fluctuating sea-bottom topography. The scattering pattern for small wavenumbers, ak 1, is symmetric in the forward and backward directions, whereas the pattern for large wavenumbers, ak 1, shows small-angle scattering around the forward direction. Based on the theoretically derived scattering coefficient, we evaluate the excitation of tsunami coda and leading-wave attenuation as a function of the normalized wavenumber. The coda energy for small wavenumber ak 1 is proportional to k 3 , whereas the energy for large wavenumber ak 1 is proportional to k −p+3 when the power spectral density function of the sea-bottom fluctuation is characterized by a power law with the exponent of −p in large wavenumber. The scattering attenuation represented by the inverse of the quality factor Sc Q −1 is proportional to k 2 for small wavenumber ak 1, whereas Sc Q −1 is proportional to k −p+2 for large wavenumber ak 1.
I N T RO D U C T I O N
Tsunamis are scattered by irregular sea-bottom topography such as seamounts and ridges, and understanding its effect is important in real-time forecasting and disaster prevention. For example, a very long coda was generated by scattering from the tsunami created by the 2006 Kuril Islands earthquake (M8.3). As observed along the Pacific coast of Japan, the maximum wave in this coda was much larger than the first wave, even though it arrived 5 hr after the first tsunami arrival. Koshimura et al. (2008) conducted a numerical tsunami simulation for this event to determine the cause of the large tsunami-coda excitation and concluded that the strong scattered waves from the Emperor Seamounts in the Pacific Ocean were a main cause of the development of the large tsunami in the later coda. Such an extraordinarily late arrival of a large tsunami could result in a false all-clear signal after the initial tsunami alert. It is therefore important to understand quantitatively the scattering strength of tsunamis due to sea-bottom irregularities. Since the total energy in the system is preserved for tsunamis propagating in the deep ocean, the scattering not only excites the tsunami coda but also attenuates the leading wave. Hence, the estimation of the scattering attenuation is important for predicting the height of the leading wave. Tsuji (1977) evaluated the total amount of scattered energy in the leading wave of the 1960 Chilean tsunami as it travelled from the source to Japan and concluded that approximately 40% was converted to scattered energy by seamounts and ridges.
Although the scattering properties can be evaluated numerically by tsunami simulations with real sea-bottom topography data (e.g. Koshimura et al. 2008) , it is also important to understand the underlying processes of the scattering. The sea-bottom topography can be modelled as a simple geometric model. For example, a seamount can be simplified to be a Gaussian function, and an escarpment to a step function. Mofjeld et al. (2000 Mofjeld et al. ( , 2001 presented the scattering properties for simple geometries in a technical report and generated a scattering map of the Pacific Ocean. This approach may be considered to be a deterministic approach.
On the other hand, some researchers have employed stochastic/statistical approaches for modelling the sea-bottom topography, recognizing the complexity of the sea-bottom spatial variation. In such approaches, the fluctuations in sea-bottom topography are characterized statistically by their power spectral density function (PSDF). Turcotte (1989) reported that the sea-bottom fluctuations have a fractal distribution, which is well characterized by a power-law spectrum.
Tsunami scattering due to the sea-bottom fluctuations can be formulated in terms of stochastic scattering theory, which was originally developed for radio wave propagation in interstellar media (e.g. Rytov 1989) . Stochastic approaches for modelling various geofluid waves are summarized in a review of Mysak (1978) . For example, Carrier (1970) theoretically derives the statistical properties of the tsunami reflection due to the sea-bottom fluctuation. His study, however, is limited to 1-D space. In 2-D space, the scattering coefficient, which corresponds to the scattering power per unit area, is one of the most fundamental physical quantities for the characterization of wave scattering. By using the scattering coefficient, seismologists have developed methods for estimating seismic coda excitation (Aki & Chouet 1975) and scattering attenuation (Sato 1982; Wu 1982) . The stochastic scattering approaches developed in seismology are summarized in Sato & Fehler (1998) .
The present study theoretically derives the scattering coefficient of tsunamis due to the fluctuating sea-bottom topography based on the first-order Born approximation. The coda excitation and scattering attenuation are then evaluated for different types of stochastic random inhomogeneity based on the theoretically derived scattering coefficient.
S C AT T E R I N G D U E T O F L U C T UAT I N G S E A -B O T T O M T O P O G R A P H Y
We formulate the tsunami scattering due to the fluctuating sea bottom based on the first-order Born approximation. For the fluctuating sea-bottom topography, the water depth distribution is written as the sum of the average water depth h 0 and a spatially varying fluctuation h 1 of coordinate x:
where we assume that the fractional fluctuation ξ is small, ξ 1 (e.g. Mysak 1978) . A localized fluctuation with a dimension L around the origin is also assumed; ξ (x) = 0 only for −L/2 ≤ x, y ≤ L/2 (Fig. 1) . The linear long-wave equations for tsunami propagation are given by
where η (x, t) is the sea surface elevation, and M(x, t) and N (x, t) are the x and y velocity components, respectively, integrated from the sea bottom to the sea surface (e.g. Stoker 1958 ). We solve the linear long-wave equations for the localized fluctuating bathymetry in Fig. 1 using the first-order Born approximation. The integrated velocity components M and N and the surface elevation η are written as the sum of incident and scattered waves, as follows:
where the subscript 0 indicates incident waves and the subscript 1 indicates scattered waves. When the fractional bottom fluctuations ξ are small, the scattering wavefield is assumed to be small compared to the incident wavefield, Substituting eqs. (1) and (3) into eq. (2), we obtain the equations for the scattered waves as follows:
When deriving the above equations we neglect cross terms such as gh 1 ∂η 1 /.∂ x because these terms are sufficiently small compared to the other terms. This approximation is referred to as the first-order Born approximation (e.g. Born & Wolf 1964) . Differentiating the first equation of eq. (4) with respect to time and substituting the second and the third equations of eq. (4) into it, we obtain a wave equation for η 1 :
where the phase velocity c 0 is given by c 0 = √ gh 0 . The incident wave η 0 appears on the right-hand side as a source term. Assuming that the incident wave propagates along the x-axis η 0 = A 0 exp {i(kx − ωt)}, where the wavenumber k is k = ω/.c 0 , we obtain
Using the Green's function for the 2-D wave equation G(x, y, t), we can explicitly write the scattered wave as a convolution integral:
The Green's function of the 2-D wave equations is
where H
( 1) 0 is the first Hankel function of degree zero and r = x 2 + y 2 (e.g.
Snieder 2001). The Hankel function behaves as H
( 1) 0 (kr) ≈ e ikr−iπ / 4 π 2 kr when kr > > 1. Eq. (7) becomes
In the far field, or the Fraunhofer diffraction zone L 2 << 1/.2λr (e.g. Chernov 1960), we can use the approximation (
r − e r · x in the exponent and (x − x ) 2 + (y − y ) 2 ≈ r in the denominator of eq. (9), where e r is the unit vector from the origin to (x, y).
Then, we obtain
where the vector K = ke r − ke 1 is given by the difference between the wavenumber vectors of the incident and scattered waves. Introducing the scattering angle θ that is defined as the angle between the wavenumber vectors of the incident and scattered waves ( Fig. 1) and performing integration by parts, we finally obtain
whereξ indicates the 2-D Fourier transform of ξ ,
and the scattering amplitude F is represented by
Eqs. (11) - (13) indicate that the scattered tsunami wave η 1 is determined by the Fourier transform of the bottom fluctuation ξ .
S C AT T E R I N G C O E F F I C I E N T O F R A N D O M T O P O G R A P H Y

Random topography
We imagine an ensemble of the fluctuating sea topography and characterize its statistical properties by the auto-correlation function (ACF):
The power spectral density function (PSDF) of the random sea-bottom topography is given by the 2-D Fourier transform:
where m is the wavenumber vector of the fluctuating sea bottom. When the fluctuation is statistically isotropic in space, the PSDF is given by P(m), where m = |m|. Several types of random media are proposed in geophysics. The PSDF of the sea-topography fluctuations obey the power law (e.g. Turcotte 1989 ). In the following, we employ the von Kármán-type random media, for which the PSDF is a power law for large wavenumbers:
where ε indicates the RMS value of the fluctuation and a is the correlation distance. The dimension of the localized inhomogeneity L in Fig. 1 is assumed to be larger than the correlation distance a. The order κ controls the power of the PSDF at large wavenumbers am 1. Fig.  2 shows the PSDF of the von Kármán-type random media for various κ values. A smaller κ increases the PSDF at large wavenumbers, which makes the fluctuation of the sea bottom rougher.
Scattering coefficient
As measures of the efficiency of the scattering, differential scattering cross-section and scattering coefficient are used (e.g. Ishimaru 1978; Sato & Fehler 1998) . When the scattered energy flux density J 1 at a distance r from the localized inhomogeneity is caused by the incident energy flux density J 0 , the differential scattering cross-section is defined as
The energy flux density of the incident wave is given by J 0 = ω 2 c 0 |A 0 | 2 in the frequency domain, and the energy flux density of the scattered wave is given by J 1 = ω 2 c 0 |A 0 | 2 |F| 2 r . The ensemble-average differential scattering cross-section for the localized inhomogeneity is then given by
The scattering coefficient, which represents the average scattering power per unit area, is given by
The resultant equation [eq. (18) ] indicates that the scattering coefficient is directly proportional to the PSDF of the sea-bottom fluctuation.
Assuming that the sea-bottom fluctuation has no preferred orientation, or is statistically isotropic, the PSDF is independent of the direction and is given by P(m) = P (|m|). Using the scattering angle θ, the scattering coefficient for the wavenumber k = 2π f /.c 0 = 2π λ (λ is the tsunami wavelength) is given by
Eq. (19) indicates that the PSDF of the sea-bottom fluctuation P(m) in the range of 0 ≤ m ≤ 2k contributes to the wave scattering of the wavenumber k, the scattering coefficient of the forward scattering (θ = 0 • ) is proportional to P(0) and the scattering coefficient of back scattering (θ = 180 • ) is proportional to P(2k). The smallest scale of the inhomogeneity that causes scattering is half of the wavelength.
S C AT T E R I N G P RO P E RT I E S
Scattering pattern
Substituting the von Kármán-type PSDF into eq. (19), we obtain the scattering coefficient
The pattern of scattering, or the scattering coefficient variation as a function of the scattering angle θ, generally shows a non-isotropic scattering pattern. A strong azimuth dependence described by the factor of cos 2 θ is observed. The value of cos 2 θ takes a maximum value in the directions of θ = 0
• and 180
• , whereas the value becomes zero when θ = 90
• and 270
• . This means that the forward and backward scattering occurs in the tsunami propagation in the fluctuating sea-bottom topography, whereas no scattering occurs in the directions perpendicular to the tsunami propagation. In addition, eq. (20) demonstrates that the scattering pattern changes dramatically with the tsunami wavenumber k. The scattering regime is classified by the normalized wavenumber ak, where a is the correlation distance of the fluctuating sea-bottom topography. When the normalized wavenumber is very small, ak 1, or the wavelength λ is much larger than the correlation distance a, the scattering coefficient is approximately independent of the scattering angle θ, except the factor cos 2 θ (Fig. 3a) . On the other hand, when the normalized wavenumber is very large, ak 1, a strong directional scattering pattern arises within the small-angle area around the forward direction of the tsunami propagation (Fig. 3b) . Since there is no scattering conversion for the tsunami wave, in contrast to the seismic scattering with the mode conversion among P, S, and surface waves (e.g. Maeda et al. 2008) , a simple symmetrical scattering pattern is observed for the forward and backward directions described by cos 2 θ in eq. (18).
Coda excitation
A large tsunami coda was observed along the Pacific coast of Japan after the 2006 Kuril earthquake (Koshimura et al. 2008) . In the singlebackscattering model (Aki & Chouet 1975; Jannaud et al. 1991) , the coda energy is proportional to the backscattering coefficient, or the scattering coefficient when the scattering angle θ is π in eq. (20), g(π , k) . Assuming the single-backscattering model for the tsunami coda energy, we investigate the backscattering coefficient g(π , k) as a measure of the coda energy excitation. The backscattering coefficient is written as
for ak >> 1.
(21) Fig. 4 shows the backscattering coefficient g(π , k) with respect to the wavenumber k normalized by the correlation distance a for various κ values. The backscattering coefficient g(π , k) is proportional to ε 2 a (ak) 3 irrespective of the value of κ when the normalized wavenumber is very small ak 1. On the other hand, when the normalized wavenumber is large ak 1, g(π , k) depends on the value of κ, such that g(π , k) is proportional to ε 2 a 2 (ak) 1−2κ . When κ is smaller than 0.5, g(π , k) increases with increasing wavenumber for the entire range. Whereas κ = 0.5, g(π , k) is constant for large wavenumbers. When κ > 0.5, g(π , k) has a peak at around ak ∼ 1 and decreases with increasing wavenumber for large wavenumbers, ak 1. Based on the above results, the tsunami coda is expected to become larger with increasing tsunami frequency when the sea-bottom fluctuation is rough or characterized by rich small-scale inhomogeneity (κ < 0.5). On the other hand, when the sea bottom is smooth or characterized by poor small-scale inhomogeneity (κ > 0.5), large tsunami coda energy is excited for a specific tsunami wavelength, which is approximately six times as large as the correlation distance of the sea-bottom fluctuation (λ ∼ 2π a).
Scattering attenuation
We now examine the attenuation of the leading tsunami wave due to scattering. We will refer to it as scattering attenuation, in contrast to energy dissipation caused by viscosity in the water column and the friction of the sea bottom. In seismology, the inverse of the quality factor Q −1 is usually used to quantify the attenuation (e.g. Aki & Richards 2002) , where large Q −1 indicates strong attenuation. We estimate the scattering attenuation Sc Q −1 from the scattering coefficient following the method of Wu (1982) . In this estimation, we must choose a proper value for the cut-off scattering angle θ C as a minimum scattering angle that contributes the scattering attenuation. The introduction of the cut-off scattering angle can be considered to be the correction of contribution of the traveltime fluctuation on the scattering attenuation since the traveltime fluctuation does not attenuate the amplitude of the single-realized waveform, but does attenuate the ensemble averaged waveform (Sato 1982) . We choose a scattering angle of θ c = 30
• , as reported by Sato (1982) . The scattering attenuation Sc Q −1 is represented by the scattering coefficient as
Fig . 5 shows the Sc Q −1 value with respect to the normalized wavenumber ak for various values of κ. The scattering attenuation Sc Q −1 is proportional to ε 2 (ak) 2 irrespective of the value of κ when the normalized wavenumber is small, ak 1. As the wavenumber k increases, the scattering attenuation becomes more dominant. When the normalized wavenumber approaches 1, ak ∼1, the scattering attenuation Sc Q −1 takes the peak value and then decreases with increasing wavenumber, except for the case in which κ = 0. When the normalized wavenumber is large, ak 1, Sc Q −1 is proportional to ε 2 (ak) −2κ .
Based on the above results, we expect that the leading wave attenuates more for a specific tsunami wavelength, which is given by ak ∼1. Note that if we do not include the cut-off angle in the estimation of the scattering attenuation (e.g. Tsuji 1977) , the scattering attenuation would be overestimated for large wavenumbers. Cut-off angle ranging from 20
• to 40
• closely matches numerical simulation results (Roth & Korn 1993) . Recently, Kawahara (2002) discussed the cut-off angle in the view point of the causality of wave propagation.
D I S C U S S I O N
Using the scattering coefficient theoretically derived in the present study [eq. (19) ], it would be possible to construct a global tsunami scattering map from the PSDF of global sea-bottom topographic data. Considering that the scattering pattern and its intensity dramatically change as functions of the tsunami wavelength relative to the spatial scale of the sea-bottom fluctuation (e.g. Fig. 4) , the scattering maps for various different tsunami-wavelength ranges would be useful for handling a variety of tsunami events. When the correlation distance of the sea-bottom fluctuation is much larger than the tsunami wavelength, ak 1, the traveltime fluctuation and wave diffraction become dominant. The scattering pattern in this range shows strong forward scattering, and the scattering coefficient of the small scattering angle becomes very large. Since the Born approximation assumes the weak scattering, the very large scattering coefficient may violate this assumption. We need to take care for the use of the Born approximation in modelling such diffracted waves or multiple forward scattering waves in the range of ak 1. The Rytov and the Markov approximation methods are other candidates for modelling traveltime fluctuation and strong forward scattering waves (e.g. Saito 2006; Saito et al. 2008 ).
This study assumes that sea-bottom fluctuation is statistically isotropic in space. Although the isotropic PSDF of the sea-bottom topography is a good approximation as a reference model, the validity of the assumption needs to be examined by analysing the sea-bottom topography data. Also, it would be important to theoretically investigate the tsunami scatterings due to anisotropic sea-bottom fluctuations.
C O N C L U S I O N
This study produced a derivation of the scattering coefficient for linear long-wave tsunami equations in randomly fluctuating sea-bottom topography using the first-order Born approximation. The scattering coefficient [eq. (19) ] is directly related to the PSDF of fluctuations in the bottom topography and shows a strong tsunami-wavelength dependence. The scattering regime is determined by the normalized wavenumber ak, where k is the tsunami wavenumber and a is the correlation distance of the fluctuating sea-bottom topography. The scattering pattern for small wavenumbers, ak 1, is symmetric in the forward and backward directions, whereas the pattern for large wavenumbers, ak 1, shows small-angle scattering around the forward direction. Based on the theoretically derived scattering coefficient, we evaluated the excitation of tsunami coda and leading-wave attenuation for the sea-bottom fluctuation characterized by von Kármán-type PSDF. The resultant coda energy and the inverse of the quality factor is given by eq. (21) and (22), respectively. The coda energy for small wavenumber ak 1 is proportional to k 3 , whereas the energy for large wavenumber ak 1 is proportional to k −p+3 when the sea-bottom fluctuation is characterized by a power law with the exponent of −p in large wavenumber. The scattering attenuation represented by the inverse of the quality factor Sc Q −1 is proportional to k 2 for small wavenumber ak 1, whereas Sc Q −1 is proportional to k −p+2 for large wavenumber ak 1.
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